Closed-form solution of a special higher-order shear and normal deformable plate theory is presented for the static situations, natural frequencies, and buckling responses of simple supported functionally graded materials plates (FGMs). Distinguished from the usual theories, the uniqueness is the differentia of the new plate theory. Each individual FGM plate has special characteristics, such as material properties and length-thickness ratio. These distinctive attributes determine a set of orthogonal polynomials, and then the polynomials can form an exclusive plate theory. Thus, the novel plate theory has two merits: one is the orthogonality, where the majority of the coefficients of the equations derived from Hamilton's principle are zero; the other is the flexibility, where the order of the plate theory can be arbitrarily set. Numerical examples with different shapes of plates are presented and the achieved results are compared with the reference solutions available in the literature. Several aspects of the model involving relevant parameters, length-to-thickness, stiffness ratios, and so forth affected by static and dynamic situations are elaborate analyzed in detail. As a consequence, the applicability and the effectiveness of the present method for accurately computing deflection, stresses, natural frequencies, and buckling response of various FGM plates are demonstrated.
Introduction
Functionally graded materials (FGMs) have continuous transition of material properties as a function of position along certain directions and thus are regarded as most promising applications of advanced composite materials as opposed to traditional isotropic and homogeneous materials. The gradual variation of material properties can be tailored to suit specific purposes in engineering design. Design of aircraft and space vehicles structures, electronic, and biomedical installations are some examples where FGM can be fruitfully exploited. So analyzing the static, vibration, and buckling problems of this structure is particularly important [1] [2] [3] [4] .
The common analysis theory is classical Kirchhoff thin plate theory (CLT) [5] [6] [7] , which ignores transverse shear effects and provides reasonable results for thin plates. However, it may not obtain accurate results for moderately thick 2 Mathematical Problems in Engineering bending components do not contribute toward shear forces and, likewise, the shear components do not contribute toward bending moments. Recently, this theory was successfully extended to FGM plate [30] . Zenkour [31] used sinusoidal shear deformation plate theory to develop a general formulation for FGM sandwich plates made of three layers with isotropic ceramic/metal FGM facings and homogeneous ceramic as core.
In past two decades, more than 30 kinds of plate theories have been developed and are detailed in [32, 33] . However, choosing the suitable plate theory is still a controversial issue and the main difficulty is the diversity of the FGM plate/shell. The vast majority of researchers tend to transplant some plate theory to the FGM plates, and the gradient variety is simply treated with the integral calculation. Corresponding numerical examples verify that these kinds of approaches are feasible, but there are some matters to be resolved. First, more situations need to be considered, especially volume fraction model. That is, power model, exponential model, reciprocal mode, and so on. Second, the governing equation becomes much more complicated to cause inaccurate results. Solve these aggravating issues actually simple, only need to detail with one thing: how to transform the FGM plate into orthotropic plates or laminated plates. In fact, Batra et al. offered a hint. They used a higher-order shear and normal deformable plate theory (HOSNDPT) to analyze static deformations and free and forced vibrations of moderately thick plates [34] [35] [36] . In the HOSNDPT, three-dimensional Hooke's law is used to derive constitutive relations for various kinetic variables in terms of the kinematic variables and the governing equation become very concise by introducing orthonormalized Legendre polynomials. For the functionally graded plates, Young's moduli and the density distribution vary with . Like HOSNDPT, Young's moduli are considered as the function on (in HOSNDPT, the function is a constant). A special set of orthogonal polynomials is determined by Young's moduli function (also called weight function), and then these polynomials bases constitute a new higher-order shear and normal deformable plate theory. Thus, we name this type of plate theory as orthogonal higher-order shear and normal deformable plate theory (OHOSNDPT). It is obvious that the HOSNDPT with orthonormalized Legendre polynomials is a special case of OHOSNDPT.
The purpose of this study is to derive the analytical solutions of orthogonal higher-order shear and normal deformable plate theory (OHOSNDPT) for bending, free vibration and buckling analysis of rectangular plates. The closed-form solutions of deflection and stress are obtained for rectangular plates with various modules by Naiver approach. The obtained results are compared with those reported in the literature. The effects of thickness ratio, modulus ratio, and load situation on deflection and stress, nature frequency, and buckling loads of FGM plates are studied.
Problem Models
Consider a rectangular plate of plan-form dimensions and and uniform thickness ℎ. The coordinate system is taken such 
Tape A:
Isotropic FGM Plate. The plate of type A is graded from metal (bottom) to ceramic (top) (see Figure 1 ). The volume fraction of the ceramic phase is defined as in [19] = ( 1 2 + ℎ ) ,
where ∈ [−ℎ/2, ℎ/2], ℎ is the thickness of the plate, and is a scalar parameter that allows the user to define gradation of material properties across the thickness direction; some references also consider this type in [25, [37] [38] [39] [40] [41] [42] [43] .
Tape B:
Sandwich Plate with FGM Core. In this type of sandwich plates, the bottom skin is isotropic (fully metal) and the top skin is isotropic (fully ceramic). The core layer is graded from metal to ceramic so that there are no interfaces between core and skins, as illustrated in Figure 1 . The volume fraction of the ceramic phase in the core is obtained by adapting the polynomial material law in [19] = (
where ∈ [ℎ 1 , ℎ 2 ], ℎ = ℎ 2 − ℎ 1 is the thickness of the core, and is the power-law exponent that defines the gradation of material properties across the thickness direction; many results could be referred in [37, 39, 41, 44] .
Tape C: Sandwich Plate with FGM Skins.
In C-type plates, the sandwich core is isotropic (fully ceramic) and skins are composed of a functionally graded material across the thickness direction. The bottom skin varies from a metalrich surface ( = ℎ/2) to a ceramic-rich surface while the top skin face varies from a ceramic-rich surface to a metalrich surface ( = ℎ/2), as illustrated in Figure 1 . In [37, 45, 46] , no interfaces need to be considered between core and Mathematical Problems in Engineering   3 skins. The volume fraction of the ceramic phase is obtained as
where ∈ [−ℎ/2, ℎ/2] and is a scalar parameter that allows the user to define gradation of material properties across the thickness direction of the skins.
The sandwich plate C-type may be symmetric or nonsymmetric about the mid-plane as we may vary the thickness of each face. A nonsymmetric sandwich with volume fraction defined by the power-law for various exponents , in which top skin thickness is the same as the core thickness and the bottom skin thickness is twice the core thickness. Such thickness relation is denoted as 2-1-1. A bottom-core-top notation is being used. 1-1-1 means that skins and core have the same thickness.
Tape D: FGM Plates with Arbitrary Variation of Stiffness.
Type-D plates is also graded from metal (bottom) to ceramic (top). But unlike Tape A (defined as power model), the volume fraction of the ceramic phase can be defined as arbitrary functions form [47] . We have the following:
Exponential model
Reciprocal model
and so on.
Tape E: Laminated FGM Plates.
The last tape of the plates both is considered laminated plate structure and taken the FGM of each layer into account. Then, the type-E is called laminated FGM plate. From Figure 1 , the volume fraction of the ceramic phase is considered as a piecewise functions and represented as
in the th layer, where ( , ) represents the th volume fraction and ( , ) can be considered as any situation of Type D.
For the five types of plates, A-E, the volume fraction for the metal phase is given as = 1 − . The isotropic fully ceramic plate can be seen as a particular case of plates A-E, by setting the fixed values to the parameter in Tape A-Tape E.
Orthogonal Higher-Order Shear and
Normal Deformable Plate Theory 
and̃0( ),̃1( ), . . . ,̃( ), . . . is said to be an orthogonal set of functions for the interval [ , ] with respect to the weight function ( ) if
In addition, if = 1 for each = 0, 1, . . . , , . . ., the set is said to be orthonormal. 
and when > 1,
For arbitrarily integrable weight function ( ), the theorem provides a recursive procedure for constructing a set of orthogonal polynomials. (Remark 3). The displacement field is assumed to be of the form
When > 1, the plate theory is called higher-order theory. The strain-displacement relationships are given as
The derivative of the th orthogonal polynomial is a polynomial of degree − 1, which can be linearly represented by the first − 1 order orthogonal polynomials. Then, it can be represented as
where is constant.
Constitutive Relations for a Laminates.
For the functionally graded material detailed in Section 2, the constitutive relations C is
where is the modulus of elasticity, ] is Poisson's ratio, and is the shear modulus = /2(1 − ]). Based on the volume fraction of the constituent material for Mori-Tanaka scheme, the Young modulus and density of some of FG plates can be written as a functions of thickness coordinate, , as follows:
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where ( ) is called stiffness function.
Remark 4. (i)
The modulus and the Poisson's ratio ] are the functions of the in the FGM plates, then thẽis related to . If Poisson's ratios of two different materials are the same, can be represented as * ( ) with = 0 * ( ); that is, the element of the matrix̃,̃, can be represented as * ( ).
(ii) ( ) can be determined by the volume fraction of the ceramic phase in Tape A-E, and ( ) is able to find the corresponding orthonormal polynomial functions set { ( )} ∞ 0 by Theorem 2.
Equations of Motion.
For deriving the equilibrium equations for buckling analysis using the defined displacement model, the principle of minimum potential energy (PMPE) is opted due to its simplicity and also because its application gives simultaneously the natural boundary conditions that are to be used with theory. In analytical form, it can be written in [50] 
where is the total strain energy due to deformation, the integral part in (22) is the potential of the external loads, the second term in the above equation is the potential energy due to the in-plane stresseŝ,̂, and̂produced due to applied middle plane loads and̂,̂, and̂are in-plane strains produced by transverse deflection and denotes the variational symbol. Substituting the appropriate energy expression in the above equation, the final expression can thus be written as where is the distributed force at the bottom ( = ℎ/2) of the laminate, is the distributed force at the top ( = −ℎ/2) of the laminate as shown in Figure 2 , (̂,̂,̂,̂) are the specified stress components on the portion Γ . Using (15), (23), and integrating the resulting expression by parts, and collecting the coefficients 0 ,
, the following equations of equilibrium are obtained:
where
6
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Substituting equation (15) into equation (24) with stressstrain relations equation (17) and equation (18), the governing equations of motion on ( , V , ) are obtained as 
Analytical Solution
See Figure 3 ; the rectangular plate with length and width under consideration is solved for the following simply supported boundary conditions prescribed at all four edges:
For the analytical solution of the partial differential equations (26) , the Navier method, based on double Fourier series, is used under the specified boundary conditions (27) . Using Navier's procedure, the solution of the displacement variables satisfying the above boundary conditions can be expressed in the following Fourier series:
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and , , , , and , are arbitrary parameters to be determined and is the natural frequency. (28) into equations (26) , the following equations are obtained for any fixed value of and :
Static Problem. Substituting equations
where 
4.2. Buckling Problem. Substituting equation (28) into equations of motion equation (26) and only considering 00 and 00 are nonzero, we get below equation for any fixed value of and , for buckling vibration problem:
The solutions of 00 and 00 are obtained by solving the determinant ofK equal to zero.
Free Vibrations Problems.
Substituting equation (28) into equations of motion equation (26) neglecting 00 , 00 , and external force F , we get below eigenvalue equation for any fixed value of and , for free vibration problem:
where [M] is also a block matrix and the [M] is made up of 3×3 matrices [M ], where M = E and E is an 3×3 identity matrix.
Numerical Examples
In this section, various numerical examples are presented and discussed to verify the accuracy of present solutions.
Comparison studies are carried out for a large number of plates with different values of aspect ratio, thickness ratio, and 8
Mathematical Problems in Engineering Table 1 : convergence study for the bending analysis of A-type plate using higher-order plate theory, = 1, and /ℎ = 10. Table 2 : convergence study for the bending analysis of A-type plate using higher-order plate theory, = 1, and /ℎ = 10. various combinations of boundary conditions. The following material properties are used.
Poisson's ratio is considered constant for both materials
Bending.
In the following static examples, we consider that the plate is subjected to a bisinusoidal transverse mechanical load of amplitude load ( , ) = sin( / ) sin( / ) applied at the top of the plate with = 1. It should be noted that the load is applied at the top surface ( = ℎ/2) as shown in Figure 2 .
Due to the symmetry of the problem, the displacement V, stresses , and transverse shear stresses are not described since their distributions along the plate thickness direction are similar to those of , and , respectively. Considering is the first-order derivative function of the displacement , only the stress should be discussed in this paper.
Isotropic FGM Square
Plate. In this example, an isotropic FGM square plate of type-A is considered. The plate is graded from aluminum = 70 GPa at the bottom to alumina = 380 GPa at the top. The transverse displacement, the normal stresses, and the in-plane and transverse shear stresses are presented in normalized form as = 10ℎ
An initial convergence study was performed for (ℎ/3) and transverse displacement (0) at the center of the plate, considering = 1, /ℎ = 10, and the order of the plate theory of 1, 3, 5, and 7. Compared with the references [37] and [39] , results are presented in Tables 1 and 2 . As seen in these tables, it is sufficient to use = 5 (we consider that = 5 should be used in the following computation in this section).
In Table 3 , we present results for and transverse displacement for various exponents of the power-law (18) considering the order of the plate theory equal 7. The considered side-to-thickness ratios ( /ℎ) are 4, 10, and 100, which means thickness ℎ equals 0.25, 0.1, and 0.01, respectively. Results are compared with the classical plate theory (CLPT), the first-order shear deformation theory (FSDT) with a correction factor = 5/6, and those from Zenkour's generalized shear deformation theory [38] , and those from Carrera et al. [25, 39] , and Neves et al. [40] .
Date shown in Table 3 clearly illustrated, a subtle difference appears in the moderately thick plate between them and the present higher-order plate theory are in good agreement with those from the Refs. When the side-to-thickness ratio is 100, the values, whether it is on transverse displacements or stresses, are almost the same as the values of [50] .
In Figure 4 , we present the evolution of the displacement and stresses across the thickness direction according to present shear deformation theory for various values of the exponent and side-to-thickness ratio /ℎ = 4, using the 5-order plate theory. Compared with the results of the meshfree method in [44] , it shows that the values of the inplane stress , and out-plane stress are consistent with the reference value. Strangeness is the presence of a significant difference between the present theory ( = 5) and the meshless solutions on the longitudinal displacement on = 10. From Figure 4 , we find out the relative error of displacement can up to 9% and the maximum relative error of stresses between them is less than 3%. This discord phenomenon is due to the computational error and the instability of the numerical method. On the other hand, it demonstrates the analytical solution of the orthogonal higher-order shear deformable plate theory is necessary and feasible.
In summary, it can be concluded that the present higherorder theory provides excellent solution for the isotropic FGM plates.
Sandwich with FGM Core.
In this example, we analyze the bending of a square sandwich B-type plate with thickness ℎ. The bottom skin is aluminum ( = 70GPa) with thickness ℎ = 0.1 h and the top skin is alumina ( = 380 GPa) with thickness ℎ = 0.1 h. The core is in FGM with volume fraction of the ceramic according to (2) .
The transverse displacement and the normal stresses are presented in normalized form as
The convergence study was performed for and transverse displacement (0) considering = 4, /ℎ = 100, and the order of the plate theory of 1, 3, 5, and 7. Results are presented in Tables 4 and 5 . We consider that the 5-order plate theory should be used in the following computation. Table 4 : convergence study for the bending analysis of B-type plate using higher-order plate theory, = 4, and /ℎ = 100. Table 5 : convergence study for the bending analysis of B-type plate using higher-order plate theory, = 4, and /ℎ = 100. In Table 6 we present the values of and out-ofplane displacement for various values of exponent of the material power-law ( = 0, 0.5, 1, 4, 10) and various thickness to side ratios ( /ℎ = 4, 10, 100) according to the present higher-order theory using the 5-order plate theory. Results are tabulated and compared with available references. It demonstrates the results are in excellent agreement with the meshfree results [44] and other reference values under various thickness to span ratio ( /ℎ) and four and five different kinds of parameters ( ).
In Figure 5 , we also present the evolution of the displacement and stresses across the thickness direction according to present shear deformation theory for various values of the exponent of a plate with side-to-thickness ratio /ℎ = 100, using the 5-order plate theory. Compared with the meshfree method, all the values are consisted with each other except the late one. The major difference is located in internal boundary (ℎ = 2ℎ/5) on out-of-plane stress . In addition, the present solution of the stresses is very close to zero at upper skin and bottom skin ( = 1, 4, 10), and the meshfree solution is away from the origin of axis. In conclusion, these results indicate that the OHSNDPT is a good choice to deal with the FGM plate problem.
Isotropic FGM Plate Compared with Laminated Plate.
To demonstrate the availability of the present orthogonal higher-order shear and deformation plate theory, more cases of the modulus form are considered, linear model, exponential model, and reciprocal model (refer to [47] ). The attention is focused on the influence of the three distributions of the elastic modulus on the displacement and stress fields in the plate. Young's moduli at the upper and lower surfaces of the plate are given as (0) = 1 GPa and (ℎ) = 10 GPa. Accordingly, material parameters for FGM models used in the present study are determined as follows: Based on the above three models of Young's modulus, the variation of displacements and , stresses , , , and at a chosen location ( / = 1/4, / = 1/4), as a function of the -coordinate, are shown in Figure 6 for the plate (ℎ/ = 0.1).
From Figure 6 , the following observations can be made:
(I) The magnitude of the vertical displacement (deflection) for the reciprocal model is biggest while that of the linear model is the least (Figure 6(a) ). This reveals that the bending rigidities of the plate are different for these three graded models. The linear model is most rigid and the reciprocal model is softest. (II) The in-plane stresses, (Figure 6 (c)) and (Figure 6(d) ), are essentially nonlinear over the thickness of the plate for all these three models of functionally graded materials. The in-plane stress concentrations in the plate are quite different for different grade models of Young's modulus. For example, the maximum compressive stress for the reciprocal model is about 1.8 times that of the linear model (see Figure 6 (c), This enables an optimal design of the plate by selecting appropriately graded models of materials. (III) Compared with the 3D closed-form solutions [47] , the present solutions of the OHOSNDPT are well coincident with the reference data from Figure 6 . Not only the in-plane stresses, but also and reach an identical with the 3D closed-form solutions, but also the out-of-plane stress, , is in very good agreement with the similar values in the literature.
In short, the present approach can actually reflect the distribution situation of displacements and stresses. In addition, it is also in very good agreement with similar theories in the literature. Thus, the present method is a good idea worth trying.
Power-Law Fitted with the Straight Line.
In this section, we state another scheme to illustrate the superiority of the OHOSNDPT.
Because any function can be fitted with straight lines, the stiffness function ( ) of the FGM plate with arbitrary form equivalents to a piecewise function ( ) with the function is a linear function ( ) in each interval. Moreover, the present orthogonal higher-order shear and nonamial plate theory also be suitable for the piecewise function ( ) in laminated FGM plates.
As shown in Figure 7 , the variations of Young's modulus are along the thickness of the power-law FGM plates although their values at the upper and lower surfaces of the plate are fixed and the corresponding piecewise linear functions ( ) are chosen.
Constant coefficients are usually used in the each layer when the FGM plate can be seen as the laminated plates [47] . This scheme facilitates settling the FGM models, but some shortcomings are also exposed in Figure 8 . Figure 8 shows the variation of the longitudinal displacements , in-plane stresses and and out-plane stresses of the Tape A simple supported FGM square plate ( = 3, = 10 and /ℎ = 10).
(i) The constant coefficients of the FGM material properties in each layer are generally taken to be the value of the midpoint of the layer interval. For the class of material which the volume fraction varies steeply ( = 10), the errors between the laminated plate models and the FGM properties obviously exist. Thus, the errors between the scheme of straight line and the analytical solution are smaller than the constant coefficients ones and it is verified from Figure 8 (a). (ii) If the constant coefficients of the laminated plates model are used, the paramount material properties, the expression of Young's modulus, and the density function are not continuous functions on vertical direction . The displacement model is usually supposed as the continuous function on , the discontinuous of stresses are obtained according to geometric equations and physics equations. Obviously, this is contrary to reality. From Figures 8(b) and 8(c), it can be observed that the scheme of straight line can match the analytical solution. The curves of the constant coefficients appear as interrupted phenomena on ℎ/6, and the error enlarges with the increasing of . On transverse stress (Figure 8(d) ), the analytical solution and the schemes of the straight lines and the constant coefficients all occur the discontinuous situation on ℎ/6, but the performance of the straight lines is better than the constant coefficients and close to the analytical solutions.
From Table 7 , some phenomena can be obtained:
(i) When is small ( = 2,3,5), the scheme of the straight lines is better than the approach of the constant coefficients.
(ii) When is large ( = 200, 400), all two schemes achieve the convergence solutions.
(iii) The two scheme coupled with OHOSNDPT are superior to the common scheme of the constant coefficients, while the familiar approach takes = 1000 to get the stable values.
We draw a conclusion from the above example, the OHOSNDPT is a very suitable FGM plate theory. 
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Free Vibrations.
In this example, we study the free vibration of a simply supported isotropic FGM square plate ( = = 1) of type A. The plate is graded from aluminum (bottom) to zirconia/alumina (top). The values for metal and ceramics in the FGM plate are listed in Table 8 .
We consider the Mori-Tanaka homogenization scheme (36) , as in Vel and Batra [51] (here considered to be the exact solution), and as in Neves et al. [40] and Qian et al. [44] .
The frequency has been nondimensionalized as follows:
5.2.1. Isotropic FGM Plate. In Table 9 we present the results obtained with the theories considered and different values of for a side-to-thickness ratio /ℎ = 5. Results show that the convergence values are obtained with = 3. It is noteworthy that the present solutions are almost the same as values of [48] for = 1 regardless of the ratio length-thickness.
To further compare the exact HSDT solution and the present OHSNDPT, we introduce more reliable data. In Table 10 , based on the present closed-form solutions, exact HSDT solution with refined plate theory and finite element method, numerical results have been performed for simple supported Al/Al 2 O 3 square plates when = 1. A well-known Table 7 : The convergence study for the laywise number of the B-type plate using higher-order plate theory, = 10, and /ℎ = 4. commercially available FEM package was used to investigate 3D free vibration of FGM square plates in [48] . The length of square plates is 1 m. Three different thicknesses 0.05 m (corresponding to thin plates), 0.1 m and 0.2 m (corresponding to moderately thick plates) have been used. The calculations of the present scheme are obtained for first ten natural frequencies. "-" values in Table 10 indicate no calculation in corresponding reference. The percentage difference given in Table 10 is defined as follows:
An excellent agreement is observed between the present plate theory, exact HSDT solution and the FEM. It is seen that the exact results of proposed method are close to the FEM analysis results at lower and higher frequencies. Frequencies rise with an increase in the thickness of plate. This phenomena originates from the increasing the rigidity of plate. Frequencies decrease when less restraining boundary is used at the edges of square plates. This is due to the fact that higher constraints at the edges increase the flexural rigidity of the plate, leading to a higher frequency response. Compared with the exact HSDT solution, the present closedform solution is closer to the FEM solution.
Isotropic FGM Plate Compared with Laminated Plate.
In this subsection the higher-order plate theories are used for the free vibration analysis of simply supported functionally of three models of type D with side-to-thickness ratio /ℎ = 10. All the material properties is the same as that in Section 5.1.3 and the density function is supposed with ( ) = 0 ( ), that is, (ℎ/2) = 10 * (−ℎ/2).
In Table 11 , nondimensional first 10 frequencies of plate are computed for three different parameter /ℎ = 20, 10, 5 in the Tape D. Some views can be noticeable:
(i) The order of the first ten frequency of the three model all comply with the order of isotropic square plate ( √ 2 + 2 ). It shows the variety of the properties of material on has nothing to do with the order of the frequencies. (ii) Nondimensional results are hardly affected by /ℎ. (iii) Unlike static problem, the longitudinal displacement for the reciprocal model is about 1.8 times that of the linear model. The frequencies of them are very similar to each other for fixed ( , ). It is because the ratio of the upper material and the bottom material of the density function is set as 10, which is consistent with the ratio of elastic modulus.
Buckling
Sandwich Plate with FGM Skins.
In the next examples the higher-order plate theories are used for the buckling analysis of simply supported functionally graded sandwich square plates ( = = 1) of type C with side-to-thickness ratio /ℎ = 10. The uni-and biaxial critical buckling loads are analsed.
The material properties are = 70 0 (aluminum) for the metal and = 380 0 (alumina) for the ceramic being 0 = 1 GPa. The law-of-mixtures ( (19)- (21)) was used for the computation of Young's modulus for each layer. The nondimensional parameter used is
An initial convergence study with the higher-order theory was conducted for each buckling load type considering the order of the plate theory is 1, 3, 5, and 7. The uniaxial case is presented in Table 12 for the 2-2-1 sandwich with = 5 and the biaxial case is presented in Table 13 for the 1-2-1 sandwich with = 1. Further results are obtained by considering equal to 5, which seems acceptable by the convergence study. The critical buckling loads obtained from the present approach are tabulated in Tables 14 and 15 for various powerlaw exponents and thickness ratios. Both tables include results obtained from classical plate theory (CLPT), firstorder shear deformation plate theory (FSDPT, the shear correction factor is taken as 5/6), Reddy's higher-order shear deformation plate theory (TSDPT) [10] , and Zenkour's sinusoidal shear deformation plate theory (SSDPT) [29] . Table 14 refers to the uniaxial buckling load and Table 15 refers to the biaxial buckling load.
A good agreement between the present solution and references considered; especially [10, 29] is obtained. This allows us to conclude that the present higher-order plate theory is good for the modeling of simply supported sandwich FGM plates with OHOSNDPT as a good formulation. This study also lead us to conclude that the thickness stretching effect has a strong influence on the buckling analysis of sandwich FGM plates as gives higher fundamental buckling loads.
The isotropic fully ceramic plate (first line on Tables  14 and 15 ) has the higher fundamental buckling loads. As the core thickness to the total thickness of the plate ratio ((ℎ 2 − ℎ 1 )/ℎ) increases, the buckling loads increase as well. Considering each column of both tables we may conclude that the critical buckling loads decrease as the power-law exponent increases. By comparing Tables 14 and 15 we also conclude that the biaxial buckling load of simply supported sandwich square plate with FGM skins is half the uniaxial one for the same plate.
Isotropic FGM Plate Compared with Laminated Plate.
In this subsection, the higher-order plate theories are used for the buckling analysis of simply supported functionally of two models of type D and E with side-to-thickness ratio /ℎ = 10. All the material properties are taken as in Section 5.1.3. The convergence study with the higher-order theory was also conducted for each buckling load type considering the order of the plate theory from 1 to 7. The uniaxial case is presented in Table 16 for the Linear model with /ℎ = 20, 10, 5. Further results are obtained by considering equals 3, which seems acceptable by the convergence study.
In Table 17 , nondimensional uniaxial buckling load and biaxial buckling load of plate are computed for various /ℎ of three different models.
It is well known that as the plate thickness increases, the shear effect which leads to reduction of the critical buckling stress increases. It can be seen from Tables 16 and 17 that  although increasing the plate thickness decreases in all models, it can be concluded that for compressive biaxial and uniaxial loadings consideration of the prebuckling deformations in the stability equations increases the shear effect.
Another interesting phenomenon appears between the static problem and the buckling situation. When /ℎ = 10, that is, the FGM is a thin plate, the rate of the buckling stresses between the reciprocal model and the linear model (the value is 1.8425) is almost the same as the proportion of the displacement at the center point (the more accurate value 1.8426 is than the number in Section 5.1.4) at the same . When /ℎ = 5, that is, the FGM is a moderately thick plate, the former ratio is 1.9181 and the latter one becomes 1.9198 (4.6322/2.4128). In summary, it not only illustrate that the present OHOSNDPT is high accuracy both the static problem and the buckling situation, but also reflect the stability for the thin plate and moderately thick plate.
Conclusions
Thus, in this paper, an attempt is made to study the analytical solutions of a special higher-order shear and normal deformable plate theory for static, free vibration and buckling analyses of thin and thick rectangular plate. Based on the special higher-order shear and normal deformable plate theory, the equations of motion are derived from Hamilton's 
